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Let Snλ,µ(α, t; δ,A,B) be the class of normalized analytic functions defined in the open
unit disk U satisfy the following subordination
(1− α) (1− t)z
(
Dnλ,µf(z)
)′
Dnλ,µf(z)−Dnλ,µf(tz)
+ α
[
(1− t)z
(
Dnλ,µf(z)
)′]′[
Dnλ,µf(z)−Dnλ,µf(tz)
]′ ≺ ( 1 +Az1 +Bz)δ ,
where |t| ≤ 1, t 6= 1, 0 ≤ α ≤ 1, 0 < δ ≤ 1, −1 ≤ B < A ≤ 1 and Dnλ,µ is the Raducanu-Orhan
multiplier differential operator. The object of the present investigation is to obtain sharp upper
bounds for the Fekete-Szego¨ functional
∣∣a3 − ξa22∣∣ .
MSC 2010: 30C45
Key Words: analytic function, Fekete-Szego¨ problem, Sakaguchi function, Raducanu-
Orhan differential operator
1. Introduction
Let A denote the class of functions f of the form:
f(z) = z +
∞∑
k=2
akz
k (1.1)
that are analytic in the open unit disk U = {z ∈ C : |z| < 1} . Let Ω denote the
class of bounded analytic functions w(z) in U satisfying the conditions w(0) = 0
and |w(z)| < 1 for z ∈ U . It is known [13] that
|c1| ≤ 1, |c2| ≤ 1− |c1|2 . (1.2)
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Let us recall the principle of subordination between analytic functions. Let the
functions f and g be analytic in U . Then we say that f is subordinate to g, if
there exists a Schwarz function w(z), analytic in U with
w(0) = 0 and |w(z)| < 1 (z ∈ U),
such that
f(z) = g(w(z)) (z ∈ U).
We denote this subordination by
f ≺ g or f(z) ≺ g(z) (z ∈ U).
In particular, if the function g is univalent in U , the above subordination is
equivalent to
f(0) = g(0) and f(U) ⊂ g(U).
For f(z) belonging to A, the multiplier differential operator Dnλ,µf was defined
by Raducanu and Orhan (see [19]) as follows:
D0λ,µf(z) = f(z),
D1λ,µf(z) = Dλ,µf(z) = λµz
2(f(z))′′ + (λ− µ)z(f(z))′ + (1− λ+ µ)f(z),
D2λ,µf(z) = Dλ,µ
(
D1λ,µf(z)
)
,
...
Dnλ,µf(z) = Dλ,µ
(
Dn−1λ,µ f(z)
)
,
where 0 ≤ µ ≤ λ ≤ 1 and n ∈ N0 = N ∪ {0}. Very recently, the operator Dnλ,µf
was extended to λ ≥ µ ≥ 0 by Deniz and Orhan in [4]. We use this operator for
λ ≥ µ ≥ 0.
If f is given by (1.1), then from the definition of the operator Dnλ,µf(z)
it is easy to see that
Dnλ,µf(z) = z +
∞∑
k=2
Φnkakz
k,
where Φnk = [1 + (λµk + λ− µ)(k − 1)]n, (Φnk = [Φk]n); λ ≥ µ ≥ 0 and n ∈
N0 = N ∪ {0}. It should be remarked that Dnλ,µ generalizes many other linear
operators considered earlier by different authors. In particular, for f ∈ A we
have the following:
• Dn1,0f(z) ≡ Dnf(z) the operator investigated by Sa˘la˘gean (see [21]).
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• Dnλ,0f(z) ≡ Dnλf(z) the operator worked by Al-Oboudi (see [1]).
By the motivation of the paper in [12], we define the following new sub-
class of analytic functions.
A function f(z) ∈ A is said to be in the class Snλ,µ(α, t; δ, A,B), if it
satisfies for all z ∈ U
(1− α)
(1− t)z
(
Dnλ,µf(z)
)′
Dnλ,µf(z)−Dnλ,µf(tz)
+ α
[
(1− t)z
(
Dnλ,µf(z)
)′]′
[
Dnλ,µf(z)−Dnλ,µf(tz)
]′ ≺ (1 +Az1 +Bz
)δ
,
where |t| ≤ 1, t 6= 1, 0 ≤ α ≤ 1, 0 < δ ≤ 1 and −1 ≤ B < A ≤ 1.
For special cases of the parameters n, λ, µ;α, t; δ, A,B, we get the follow-
ing classes introduced and studied by other authors:
• S0λ,µ(0,−1; 1, 1,−1) by Sakaguchi [20],
• S0λ,µ(0, t; 1, 1,−1) by Owa et al. [17],
• S0λ,µ(1,−1; δ, A,B) by Das and Singh [3],
• S0λ,µ(0,−1; 1, A,B) by Goel and Mehrok [7],
• S0λ,µ(1,−1; 1, A,B) by Janteng and Halim [8],
• S0λ,µ(α, t; δ, A,B) by Mehrok et al. [12].
Various properties of Sakaguchi type functions and Fekete-Szego¨ prob-
lem for certain classes of univalent functions were discussed by many authors
including ([2, 5, 6, 9, 10, 11, 14, 15, 16, 18]). The functions in the class
S0λ,µ(0,−1; 1, 1,−1) ≡ S∗s are called starlike with respect to symmetrical points
and the functions in the class S0λ,µ(1,−1; 1, 1,−1) ≡ Ks are called convex with
respect to symmetrical points in U .
We also introduce the following classes for |t| ≤ 1, t 6= 1, 0 ≤ α ≤ 1,
0 < δ ≤ 1 and −1 ≤ B < A ≤ 1:
A function f(z) ∈ A is said to be in the class Tnλ,µ(α, t; δ, A,B) if it
satisfies
(1−α)
(1− t)z
(
Dnλ,µf(z)
)′
Dnλ,µg(z)−Dnλ,µg(tz)
+α
[
(1− t)z
(
Dnλ,µf(z)
)′]′
[
Dnλ,µg(z)−Dnλ,µg(tz)
]′ ≺ (1 +Az1 +Bz
)δ
, g ∈ S∗s ,
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and a function f(z) ∈ A is said to be in the class Hnλ,µ(α, t; δ, A,B) if it satisfies
(1−α)
(1− t)z
(
Dnλ,µf(z)
)′
Dnλ,µh(z)−Dnλ,µh(tz)
+α
[
(1− t)z
(
Dnλ,µf(z)
)′]′
[
Dnλ,µh(z)−Dnλ,µh(tz)
]′ ≺ (1 +Az1 +Bz
)δ
, h ∈ Ks.
The following lemma will be used.
Lemma 1.1. ([20]) Let g(z) = z +
∞∑
k=2
bkz
k ∈A. Then, for k ≥ 2
|bk| ≤
{
1, if g ∈ S∗s
1
k , if g ∈ Ks.
2. Coefficient Inequalities
For λ ≥ µ ≥ 0, n ∈ N0 = N ∪ {0}; 0 ≤ α ≤ 1, |t| ≤ 1, t 6= 1, 0 < δ ≤ 1
and −1 ≤ B < A ≤ 1, we have the following main results.
Theorem 2.1. If f ∈ Snλ,µ(α, t; δ, A,B), then
|a2| ≤ δ(A−B)
(1− t)(1 + α)Φn2
,
|a3| ≤
{
υ, if |ρ| ≤ 1,
υ |ρ| , if |ρ| ≥ 1,
and ∣∣∣a3 − ξa22∣∣∣ ≤
{
υ, if |ξ + σ| ≤ τ,
δ2(A−B)2
(1−t)2(1+α)2Φ2n2
|ξ + σ| , if |ξ + σ| ≥ τ,
where
υ =
δ(A−B)
(1− t)(2 + t)(1 + 2α)Φn3
, (2.1)
ρ = B +
(1− δ)(A−B)
2
− δ(1 + t)(1 + 3α)(A−B)
(1− t)(1 + α)2 , (2.2)
τ =
(1− t)(1 + α)2Φ2n2
δ(2 + t)(1 + 2α)(A−B)Φn3
, (2.3)
σ = τρ. (2.4)
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P r o o f. Since f ∈ Snλ,µ(α, t; δ, A,B), it follows that
(1− α)
(1− t)z
(
Dnλ,µf(z)
)′
Dnλ,µf(z)−Dnλ,µf(tz)
+ α
[
(1− t)z
(
Dnλ,µf(z)
)′]′
[
Dnλ,µf(z)−Dnλ,µf(tz)
]′ = (1 +Aw(z)1 +Bw(z)
)δ
.
(2.5)
By expanding (2.5), we get
1 + (1− t)(1 + α)Φn2a2z
= (1− t)
[
(2 + t)(1 + 2α)Φn3a3 − (1 + t)(1 + 3α)Φ2n2 a22
]
z2 + ...
= 1 + δ(A−B)c1z + δ(A−B)
(
c2 − [B + 1
2
(1− δ)(A−B)]c21
)
z2 + ....
From this equality we have
a2 =
δ(A−B)
(1− t)(1 + α)Φn2
c1 (2.6)
and
a3=υ
(
c2 − ρc21
)
, (2.7)
where υ and ρ are defined in (2.1) and (2.2) respectively. Now, by using (2.6)
and (2.7) we obtain
a3 − ξa22 =υc2 −
δ2(A−B)2
(1− t)2(1 + α)2Φ2n2
[ξ + σ] c21,
where σ is defined in (2.4). By using |c1| ≤ 1 from (1.2) we get
|a2| ≤ δ(A−B)
(1− t)(1 + α)Φn2
.
Applying the well known triangle inequality, we arrive at
|a3| ≤υ
(
|c2|+ |ρ| |c1|2
)
(2.8)
and ∣∣∣a3 − ξa22∣∣∣≤υ |c2|+ δ2(A−B)2(1− t)2(1 + α)2Φ2n2 |ξ + σ| |c1|2 . (2.9)
If we use the inequality |c2| ≤ 1− |c1|2 in (1.2), the inequalities (2.8) and (2.9)
lead us to
|a3| ≤υ
[
1 + (|ρ| − 1) |c1|2
]
, (2.10)
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∣∣∣a3 − ξa22∣∣∣≤υ + δ2(A−B)2(1− t)2(1 + α)2Φ2n2 (|ξ + σ| − τ) |c1|2 , (2.11)
where τ is defined in (2.3).
If |ρ| ≤ 1, then
|a3| ≤υ
and for |ρ| ≥ 1, by using |c1| ≤ 1 from (1.2), the inequality (2.10) implies that
|a3| ≤υ |ρ| .
Similarly, for |ξ + σ| ≤ τ, we have∣∣∣a3 − ξa22∣∣∣ ≤ υ.
The bound is sharp for w(z) = z2.
If |ξ + σ| ≥ τ, again by using |c1| ≤ 1 we get∣∣∣a3 − ξa22∣∣∣ ≤ δ2(A−B)2(1− t)2(1 + α)2Φ2n2 |ξ + σ| .
This bound is sharp for w(z) = z.
When n = 0 and t = −1 from Theorem 2.1 we can state the following
result given by Mehrok et al. [12].
Corollary 2.2. If f ∈ S0λ,µ(α,−1; δ, A,B), then
∣∣∣a3 − ξa22∣∣∣ ≤

δ(A−B)
2(1+2α) , if |ξ + σ1| ≤ τ1,
δ2(A−B)2
4(1+α)2
|ξ + σ| , if |ξ + σ1| ≥ τ1,
where
σ1 =
(1 + α)2[2B + (1− δ)(A−B)]
(1 + 2α)δ(A−B) ,
τ1 =
2(1 + α)2
δ(1 + 2α)(A−B) .
For special cases of the parameters n, λ, µ;α, t; δ, A,B, in Theorem 2.1
we obtain the following corollaries.
Corollary 2.3. If f ∈ S∗s , then∣∣∣a3 − ξa22∣∣∣ ≤ max {1, |ξ − 1|} .
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Corollary 2.4. If f ∈ Ks, then∣∣∣a3 − ξa22∣∣∣ ≤ max{13 , 14
∣∣∣∣ξ−43
∣∣∣∣} .
Corollary 2.5. If f ∈ S0λ,µ(0, t; 1, 1,−1), then∣∣∣a3 − ξa22∣∣∣ ≤
{
2
(1−t)(2+t) , if |ξ + σ2| ≤ τ2,
4
(1−t)2 |ξ + σ2| , if |ξ + σ2| ≥ τ2,
where
σ2 = − 3 + t
2(2 + t)
,
τ2 =
1− t
2(2 + t)
.
Corollary 2.6. If f ∈ S0λ,µ(1,−1; δ, A,B), then∣∣∣a3 − ξa22∣∣∣ ≤
{
δ(A−B)
6 , if |ξ + σ3| ≤ τ3,
δ2(A−B)2
16 |ξ + σ3| , if |ξ + σ3| ≥ τ3,
where
σ3 =
4[2B + (1− δ)(A−B)]
3δ(A−B) ,
τ3 =
8
3δ(A−B) .
Corollary 2.7. If f ∈ S0λ,µ(0,−1; 1, A,B), then f ∈ Snλ,µ(α, t; δ, A,B)∣∣∣a3 − ξa22∣∣∣ ≤
{
δ(A−B)
2 , if |ξ + σ4| ≤ τ4,
δ2(A−B)2
4 |ξ + σ4| , if |ξ + σ4| ≥ τ4,
where
σ4 =
2B + (1− δ)(A−B)
δ(A−B) ,
τ4 =
2
δ(A−B) .
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Corollary 2.8. If f ∈ S0λ,µ(1,−1; 1, A,B), then∣∣∣a3 − ξa22∣∣∣ ≤
{
A−B
6 , if |ξ + σ5| ≤ τ5,
(A−B)2
16 |ξ + σ5| , if |ξ + σ5| ≥ τ5,
where
σ5 =
8B
3(A−B) ,
τ5 =
8
3(A−B) .
Corollary 2.9. If f ∈ Snλ,µ(0,−1; 1, 1,−1), then∣∣∣a3 − ξa22∣∣∣ ≤ max{ 1Φn3 , 1Φ2n2 |ξ − σ6|
}
where
σ6=
Φ2n2
Φn3
.
Corollary 2.10. If f ∈ S1λ,λ(0,−1; 1, 1,−1) and λ ≥ 0, then∣∣∣a3 − ξa22∣∣∣ ≤ max
{
1
1 + 6λ2
,
1
(1 + 2λ2)2
|ξ−τ6|
}
,
where
τ6 =
(
1 + 2λ2
)2
1 + 6λ2
.
Corollary 2.11. If f ∈ S11,1(0,−1; 1, 1,−1), then∣∣∣a3 − ξa22∣∣∣ ≤ max{17 , 19
∣∣∣∣ξ−97
∣∣∣∣} .
Corollary 2.12. If f ∈ S11,0(0,−1; 1, 1,−1) then,∣∣∣a3 − ξa22∣∣∣ ≤ max{13 , 14
∣∣∣∣ξ−43
∣∣∣∣} .
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Our next result is as follows.
Theorem 2.13. If f ∈ Tnλ,µ(α, t; δ, A,B), then
|a2| ≤ 1
2
(
δ(A−B)
(1 + α)Φn2
+ (1 + t)
)
,
and
|a3| ≤
 υ1 +
δ(A−B)
3(1+2α)Φn3
, if |ρ1| ≤ 1,
υ1 +
δ(A−B)
3(1+2α)Φn3
|ρ1| , if |ρ1| ≥ 1,
where
υ1 =
1 + t+ t2
3
+
δ(1 + t)(1 + 3α)(A−B)Φn2
3(1 + α)(1 + 2α)Φn3
, (2.12)
ρ1 = B +
1
2
(1− δ)(A−B). (2.13)
P r o o f. Since f ∈ Tnλ,µ(α, t; δ, A,B), by the definition of subordination
(1− α)
(1− t)z
(
Dnλ,µf(z)
)′
Dnλ,µg(z)−Dnλ,µg(tz)
+ α
[
(1− t)z
(
Dnλ,µf(z)
)′]′
[
Dnλ,µg(z)−Dnλ,µg(tz)
]′ = (1 +Aw(z)1 +Bw(z)
)δ
(2.14)
for some g(z) = z +
∞∑
k=2
bkz
k ∈ S∗s .
By expanding (2.14), we get
1 + (1 + α)Φn2 [2a2−(1 + t)b2] z{
(1 + 2α)Φn3
[
3a3−
(
1 + t+ t2
)
b3
]
−(1 + t)(1 + 3α)Φ2n2 b2 [2a2 − (1 + t)b2]
}
z2 + ...
= 1 + δ(A−B)c1z + δ(A−B)
(
c2 − [B + 1
2
(1− δ)(A−B)]c21
)
z2 + ....
After equating the terms, we obtain
a2 =
1
2
(
δ(A−B)
(1 + α)Φn2
c1 + (1 + t)b2
)
, (2.15)
a3 =
1 + t+ t2
3
b3 +
δ(1 + t)(1 + 3α)(A−B)Φn2
3(1 + α)(1 + 2α)Φn3
b2c1 +
δ(A−B)
3(1 + 2α)Φn3
{c2 − ρ1c1} ,
(2.16)
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where ρ1 is defined in (2.13). Applying the triangle inequality, we have
|a2| ≤ 1
2
(
δ(A−B)
(1 + α)Φn2
|c1|+ (1 + t) |b2|
)
, (2.17)
and
|a3| ≤ 1 + t+ t
2
3
|b3|+ δ(1 + t)(1 + 3α)(A−B)Φ
n
2
3(1 + α)(1 + 2α)Φn3
|b2| |c1|
+
δ(A−B)
3(1 + 2α)Φn3
{|c2|+ |ρ1| |c1|} . (2.18)
By using Lemma 1.1 and the inequalities in (1.2), then (2.17) and (2.18) lead
us to
|a2| ≤ 1
2
(
δ(A−B)
(1 + α)Φn2
+ (1 + t)
)
and
|a3| ≤ υ1 + δ(A−B)
3(1 + 2α)Φn3
[
1 + (|ρ1| − 1) |c1|2
]
,
where υ1 is defined in (2.12).
For |ρ1| ≤ 1,
|a3| ≤ υ1 + δ(A−B)
3(1 + 2α)Φn3
and for |ρ1| ≥ 1 we have
|a3| ≤ υ1 + δ(A−B)
3(1 + 2α)Φn3
|ρ1| .
Corollary 2.14. If f ∈ T 0λ,µ(α,−1; 1, 1,−1), then
|a2| ≤ 1
1 + α
,
and
|a3| ≤ 1
3
+
2
3(1 + 2α)
.
Corollary 2.15. If f ∈ T 11,1(0,−1; 1, 1,−1), then
|a2| ≤ 1
3
,
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and
|a3| ≤ 3
7
.
Corollary 2.16. If f ∈ T 11,0(0,−1; 1, 1,−1), then
|a2| ≤ 1
2
,
and
|a3| ≤ 5
9
.
Next, we can give the following theorem.
Theorem 2.17. If f ∈ Hnλ,µ(α, t; δ, A,B), then
|a2| ≤ 1
2
(
δ(A−B)
(1 + α)Φn2
+
1 + t
2
)
,
and
|a3| ≤
 υ2 +
δ(A−B)
3(1+2α)Φn3
, if |ρ1| ≤ 1,
υ2 +
δ(A−B)
3(1+2α)Φn3
|ρ1| , if |ρ1| ≥ 1,
where
υ2 =
1 + t+ t2
9
+
δ(1 + t)(1 + 3α)(A−B)Φn2
6(1 + α)(1 + 2α)Φn3
,
and ρ1 is defined in (2.13).
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